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Abstract 

Let p be a prime and let A C ¥ p . For k < p let X^,k be the (k — 1)- 
dimensional complex on the vertex set ¥ p with a full (A; — 2)-skeleton 
whose (k — l)-faces are a C ¥ p such that |<r| = A; and ^2 xGa x £ A 
The homology groups of with field coefficients are determined. 
In particular it is shown that if \A\ < k then Hk-i(XA,k] ¥ p ) = 0. 
This implies a homological characterization of uncertainty numbers of 
subsets of F p : Let F be algebraically closed, then Hk-i(XA,k]¥) ^ 
iff there exists an / / 6 F[F p ] with supp(/) C A such that the 
endomorphism of F[F p ] given by g — > fg has rank at most p — k. 



1 Introduction 

Let p be a prime and let ¥ p = {0, . . . ,p — 1} be the field of order p. 
Denote by A p _i the (p — l)-simplex on the vertex set ¥ p and let Ap_j be the 
k- dimensional skeleton of A p _i. Let A = {ai, . . . , a m } be a subset of F p and 
let 1 < k < p. The Sum Complex X^,k was denned in [5] by 

X Aifc = A£i 2) U {aCF p : \a\ = k , ^i6A}. 

xGcr 

X^k is a (k — l)-dimensional complex whose /-vector satisfies fi{X^k) — 
(ill) < i < k - 2 and f k ^{X A , k ) = = f g^). 
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Example: Let p = 7 and A = {0,1,3} C F 7 . Then Xa,3 is homotopy 
equivalent to the real projective plane MP 2 , see Figure 1 in [5]. 

In this paper we study the homology of Xa,u with field coefficients. Let F 
be a field of characteristic I. First suppose that i \ p and let w be a primitive 
p-th root of unity in the algebraic closure F. For (3 = (b%, . . . ,bk) G F^ let 
Mp be the k x m matrix given by Mp(i, j) = u biaj . Let 



Our main result concerns the homology of X^.k with F p coefficients. 
Theorem 1.2. 



Remarks: 

1) The argument given in [5] for the case m — k of Theorem 1.1 does not 
seem to extend to the modular case. The approach here is different and is 
also used in the proof of our main result Theorem 1.2. 

2) The reduced Euler characteristic of X^k is 



B k = {(&!,..., h) : < h < ■ ■ ■< b k < p - 1}. 



The case m = k of the following result is implicit in [5]. 
Theorem 1.1. J/charFfp then 





m < k 
m > k. 



(1) 





Since Hi(XA,k] F p ) = for < i < k — 2 it follows that 




1) 




(3) 




m < k 
m > k 
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3) A classical result of Chebotarev (see e.g. [7]) asserts that for F = Q all 
Mg's have full rank. Theorem 1.1 therefore implies that (1) and (3) remain 
true for H*(X Ajh ;Q). 

We next discuss an application of Theorems 1.1 and 1.2 to discrete uncer- 
tainty principles. Let K be a finite abelian group and let ¥[K] be the group 
algebra of K over the field F. For an element f e¥[K] let T f : ¥[K] — >■ ¥[K) 
be given by Tjg = fg. The uncertainty number of a subset A C K is defined 
by 

Mf(^4) = min{rankT/ : ^ supp(/) C A}. 

The motivation for this definition and terminology is as follows. Let m 
be the exponent of K and suppose F contains a primitive m-th root of unity. 
Let K denote the group of F- valued characters of K. Identifying ¥[K] with 
the space of F-valued functions on K, the Fourier Transform of a function 
/ G ¥[K] is the function / G F[A^ given by f(x) = J2 x eKX(-x)f(x). It is 
well known that rankTj = |supp(/)|. Thus in the semisimple case 

u w (A) = min{|supp(/)| : ^ supp(/) C A}. (4) 

The classical discrete uncertainty principle (see e.g. [1]) asserts that 
uf(A) > for any F and 7^ A C K. While this bound is sharp when A 
is a coset of K, it can often be improved for particular choices of K, A and 
F. One such example is a result of Tao [8] asserting that if A C F p then 
u c (A) = p — \A\ + 1. See [6] for an extension to general abelian groups. 
Here we note a simple relation between the homology of sum complexes and 
uncertainty numbers of subsets of F p . 

Theorem 1.3. If¥ is algebraically closed then for any A C F p 
u v (A) =p- mzx{k : fffc-ipO,*; F) 7^ 0}. 

Example: It is easy to see that u®(A) > p — max A for any A C F p and 
any field F. Taking A = {0,1,3} C F 7 it follows that u^(A) > 4. On 
the other hand, as noted earlier Xa,3 is homotopy equivalent to MP 2 , hence 
H2(Xa,3',¥ 2 ) 7^ 0. Theorem 1.3 then implies that Uf^(A) = 4. It can be 
checked that in fact Uf 2 (A) = 4. 
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Let C p be the multiplicative cyclic group of order p and let G = C*. In 
Section 2 we identify H k _i(XA,k] F) with a certain subspace T-L(A) of skew- 
symmetric elements of the group algebra ¥[G]. This characterization is used 
in Section 3 to prove Theorem 1.1. The proof of Theorem 1.2 given in Section 
4 is more involved and depends additionally on some properties of generalized 
Vandermonde determinants over the group algebra F p [G]. Theorem 1.3 is 
derived in Section 5 as a direct consequence of Theorems 1.1 and 1.2. We 
conclude in Section 6 with some comments and open problems. 

2 A Characterization of Cycles 

Let .F(Fj, F) denote the space of F- valued functions onF*. A function <p G 
.F(FJ, F) is skew-symmetric if 0(7,7-1(1), • • • , 7o- 1 (k)) = s g n (°")^(7i ; ■■■,1k) for 
all (71, . . . , 7^) G Fp and a in the symmetric group S k . If char F = 2 then <ft 
is additionally required to satisfy </>(7i, . . . ,jk) = if 7^ = jj for some i 7^ j. 
Let ^4(Fp,F) be the space of skew-symmetric functions in .F(Fp,F). 

Fix a generating set {x±, . . . , x k } of G and let x = (x±, . . . , Xk) G For 
7 = (71, . . . , 7^) G Fp we abbreviate x 7 = \f. =x xf. Let g : J"(Fj, F) -> F[G] 
be the F-linear isomorphism given by 

9(0) = 5^ ^) x7 - 

An element s G ¥[G] is homogenous of degree d G F p if s = g(0) where 

it 

supp(0) C W d = {a = (an, . . . , a k ) G Fj : a { = d}. 

i=l 

Let ¥[G]d denote the space of degree d elements of ¥[G] and let p d be the 
projection from ¥[G] onto F[G]d- An element s G ¥[G] is skew- symmetric 
if s = q((f>) for some G A(¥p,¥). Let 5 be the space of skew-symmetric 
elements of ¥[G] and let S d = S D ¥[G] d . 

The space of F-valued (k — l)-chains of X^ k is 

C k ^(X Ak ;¥) = {<p e A(¥ k p ,¥) : supp(0) C U aeA W a }. 

A (k — l)-chain G C&_i (X^; F) is a (k — l)-cycle of X^ k if 

^2<t>(a u . . . ,oci- U a - 22 ctj,a i+1 , . . . ,a k ) = (5) 
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for all fixed 1 < % < k and (ati, . . . , «j, . . . , a k ) G F^ 1 . Let 

U{A) = {sG05 a : x rVa(s) = for all 1 < i < k}. 

The homology space H k ^.i(Xj^ )k ; F) = Z k _x(X A>k ; F) is characterized by the 
following 

Claim 2.1. 

q(H k - 1 (X Atk ;F))=H(A). 
Proof: Let G C k -x(X A ik ; F) and fix an 1 < i < k. Then 

k 

a&A a<=A ( ai ,...,a k )€W a j=l 

= ^2x~ a ^2 0(ai,...,ai-i,a-^a i ,a i+ i,...,a fc )(JJx" J )x" Ej ^ aj 
= I • • • - • • • ,«fc) ) ^(^x^ 1 )^ = 0. 

Therefore J2 aeA x~ a p a (q((f))) = iff for all ( aj : j ^ i) G F^ 1 
^ 0(«i, • • • , « - ^ «j, • • • , OL k ) = 0. 

aeA j^i 



Hence the Claim follows from (5). 



□ 



3 The Semisimple Case 

In this section we prove Theorem 1.1. We may assume that F is algebraically 
closed. Let 

TZ = {(r a ) aeA eS A : ^x"V a = for all 1 < i < k}. 



a£A 



Let y = nj=i x j an d let P C G be the cyclic group generated by y. 
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Claim 3.1. The mapping B : ¥[P] £g>F "H(-<4) — ► ^ given by 

B(u<S)s) = (up a (s)) aeA 

is an isomorphism. 

Proof: We first show that B is injective. Let w = X^=o V 3 ® s j ker5. 
Then Y^ZoV 3 Pa( s j) — for all a G A. Since yi p a {sj) G iS a +/cj it follows that 
yip a (sj) = and hence p a {sj) = for all < j < p — 1 and a G A Therefore 
w = 0. To show surjectivity let (r a ) agj 4 G For < i, j < p — 1 let 

and 

*ijf = X 7 a Pa+kj(r a ) G Sjy. 
a£A 

Then for any < i < p — 1 

p—i p—i 
= J2x~ a r a = J2x- a J2p a+kj (r a ) = J^Uj. 

aeA a&A j=0 j=0 

It follows that tij = for all < i, j < p — 1. Therefore 

and hence Sj G 7i(A). Finally 

p—i p—i p—i 

^2y J Pa{sj) = Yy 3 {y~ 3 p a +kj{r a )) = ^p a+jfc (r a ) = r a , 

3=0 j=0 j=0 

^P" 1 1,0 



therefore B(J2 P j=0 y J ® 8j) = (r a ) aeA . 



□ 



Claim 3.1 implies that dim TZ = p dim'H(A). Theorem 1.1 will thus follow 
from 
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Proposition 3.2. 



dim TZ — m 



rank M# . 



Proof: Recall that a; is a primitive p-th root of unity in F = F. The Fourier 
Transform is the automorphism of J r (¥p, F) given by 

Define an F-linear isomorphism 

as follows. For r = {r a ) a( zA £ S A where r a = q(4> a ) an d a £ «4.(Fp,F) let 

*(r)= ((^(W =1 :/3eB*). 
Claim 3.3. $ restricts to an isomorphism from 1Z onto ®p^s k ker Mg. 

Proof: For 1 < z < k let be the 2-th unit vector in F^. Then -0, = 
T^EaeW^) e ^(FJ,F) is given by 



For/3 = (6 1 ,...,6*)GF* 



a a; 



~/3(a-ae 4 ) 



5>* fl £ 0a(«)^-^ = ^C^> a (/3). 



It follows that r = (r a ) a€j 4 6 1Z iff ^i = • • • = ijjk = iff 

















" 0i 03) " 






. COS) . 














= 


for all = (&!,.. 




) 6 Fj. Therefore C 


kerMg. The bijectiv 



ity of the restriction follows from the bijectivity $. 
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□ 

By Claim 3.3 

dim 1Z = dim ker Mg = (m — rank Mg) 

/3ee fc /3es fe 



m 



rankM^ 



□ 



4 The Modular Case 

In subsections 4.1 and 4.2 we study certain properties of determinants 
of generalized Vandermonde matrices over the group algebra F P [G]. These 
results are then used in Section 4.3 to prove Theorem 1.2. 

4.1 A Generalized Vandermonde 

Recall that {xi, . . . , Xk} is a fixed generating set of G and x = (xi, . . . , 
For p = (&!,..., 6 fc ) GB fe let 



-6i 
1 


• X l 


-6i 
fc 


-h 

' X k 



Proposition 4.1. 

detN^W/3 (xi-xj) (6) 

i<i<j<k 

where wp is a unit of¥ p [G]. 

Recall the definition of Schur polynomials (see e.g. [2]). Let £ = (Ci, ■ ■ ■ ,Ck) 
be a vector of variables. For a partition A = (Ai > • ■ • > A^) let 

D X (C) = £> A (&, . . . = det([& +k -% =1 ) E Z[&, . . . ,&]. 



s 



Note that for the zero partition = (0, . . . , 0) 

-k-l t-k-2 i 



D {£) = det 



Sl SI 



Sfc • • • 1 

The Schur polynomial associated with A is 



n 



»A(0 = ^ez[ei ) ...,e*]. 

The dimension formula (see e.g. Proposition 5.21.2 in [2]) asserts that 

K - Aj + j - z 



n 

i<j<j<fc 



(7) 



Proof of Proposition 4.1: Let 

A = (Ai, . . . , Ajt) = (p - h - k+ l,p - b 2 - k + 2, . . . ,p - b k ). 

Then 

detiV^ = D x (x) = s x (x)D (x) 

= S\(x) (Xi-Xj). 

By (7) the image of s\(x) G F P [G] under the augmentation map F P [G] — > ¥ p 

is b b 

S\(l, . . . , 1) (modp) = -4 (modp) ^ 0(modp). 

It follows that u;^ = s\(x) is invertible in F P [G]. 



□ 



4.2 Skew- Symmetric Annihilators of Dq{x) 

In this subsection we show 
Proposition 4.2. Lei s E S. If D (x)s = i/ien s — 0. 
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The proof of Proposition 4.2 depends on Proposition 4.3 below. Let N 
denote the nonnegative integers and for a, b G N let [a, b] = {a, . . . , b}. Let 

N fe = {(ai,..., a k ) G N k : a* ^ if i ^ j}. 

For a = (ai, . . . , a k ) , (3 = (f3 1 , . . . , f3 k ) G N k write a ^ /3 if {a u . . . , a k } 
precedes {/3i, . . . , f3 k } in the lexicographic order on subsets of N, i.e. if 

k k 
i=l i=l 

Fix an a = («i, . . . , a^) G such that a± < ■ ■ ■ < a k and let 

L — {l<i<k — 1 : a, + 1 < 

Write L = {£i < ... < £ t -i} and let £ = , i t = k. For 1 < i < t let 
Ai = + l,£i]. Let 

£i(a) = {(7, °") ^ N fe x S'fc : 7 ^ a and 7^ - er(j) = a,- - j for all j}. 

We'll need the following characterization of Oi(a). Let Sa denote the sym- 
metric group on a set A. Let T = Sa ± X • • • X SU t be the Young subgroup of 
S k corresponding to the partition [k] = U* =1 Aj. Let 

02(a) = {(7,0") G N fc x T : 7, = a a{j) for all j}. 

Proposition 4.3. Oi(a) = 02(a) 

Proof: We first show that 02(a) C Oi(a). Let (7, a) G 02(a) and let 
1 < j < fc- If j £ then <r(j) G and hence a^y) — aj = a(j) — j. 
Therefore 

7j - ff (j) = a CT( j) - o-(j) = aj - j 

and so (7,0") G £/i(a). For the other direction let (7,0") G Oi(a). Write 
7 = (71, . . . , 7 fc ) and let 7r G S k such that 7 7r(1) < • • • < 7 7r(fc) . 

Claim 4.4. For 1 < i < t and j G Ai 

(a) a(<K(j)) = j. 

( h ) Mi) = a r 

(C) 7T(j) G A. 
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Proof: We argue by induction on j. Suppose (a),(b) and (c) hold for all 
j' < j. (a) implies that {a(ii(j')) : j' < j} = [j — 1] and hence <j(7r(j)) > j. 
Therefore 

OLj-j > <Xj-a(ir{j)). (8) 

Next note that by (b) j^w) = otf for all j' < j. As 7 ^ a it follows that 
&j > 7vr(j) and therefore 

a, - o-(7r(j')) > Mj) ~ <r(n(J)) = <**•&•) - ir(j). (9) 

Finally (c) implies that : 1 < j' < ii-i} = [l,^_i] and therefore 

7r(j) > + 1. Together with the assumption j G A4 it follows that 



a 



*ti) 



7r(j) > - + 1) = ^ - j. (10) 



It follows that the three inequalities in (8), (9), (10) are in fact equalities. 
Therefore a(n(j)) = j, 7 7r(j ) = otj and a^y) = + (7r(j) — j) respectively 
establishing (a),(b),(c) for j. 

□ 

Claim 4.4 implies that a = n^ 1 G T and that jj = ot a u) for all 1 < j < k. 
Therefore (7,0") G £2 (a). 

□ 

Proof of Proposition 4.2: Let s G 5 such that D (x)s = and write 
s = g(0) with G .A(Fp,F p ). We have to show that = 0. By assumption 



k k 



a£S k j=l 7=(7i,---,7fc)GFfc J=l 



= D (x) S = £ sgn(<r) J] a*"^ £ 0( 7 ) J 



r _7j+fe-(r(i) 
"j 

7=(7l,-,7k)eF*£reS ft j=l 



Suppose for contradiction that 7^ and let 

a = (ai, ...,a k )= max{7 G B k : 0(7) 7^ 0} 
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where the maximum is taken with respect to ;< Let A G ¥ p denote the 
coefficient of nj=i x j J+fc J i n the expansion of D (x)s in the standard basis 
{x@ : P G FH. Note that if 



n^ + '"' = II 

j"=i i=i 



then for all 1 < j < fc 

a j ~i = (modp). 

Since 

— 1<Oj— j < p — 1 — A; 

and 

-A; < 7j - cr(j) < p - 2 

it follows that 

Hence, Eq. (11) and Proposition 4.3 imply that 

A = Yl s g n ( CT )^(7) = s S n ( cr ) < / , (7) 

= Y Bgp.(a)<f>(a ff p),...,a t r( k )) 

t 

= \S Al x • • • x SaJ 0(a) = - <K«)- 

8=1 

Since £ t = k < p it follows that n!=i(^ — ^i-i)' 7^ O(modp) and so A ^ 0. 
Therefore .Do^) 5 7^ 0, a contradiction. 

□ 

4.3 Homology of X^k over F p 

In this subsection we prove Theorem 1.2. We first consider the case m = k. 
Theorem 4.5. // \A\ = k then if fc _i(X^ )fe ; W p ) = 0. 
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Proof: Let A = {ai, . . . ,a k } where a = (ai, . . . ,a k ) G By.. Let G 
H^_i{Xa^ Fp) and let s = q{4>). By Claim 2.1 



Pai(s) 




. Pa fc (s) _ 





•r-i 



X 



-'-Ik 



Therefore det JV a • p a {s) = for all a G A. Proposition 4.1 implies that 
D Q (x)p a (s) = and hence p a (s) = by Proposition 4.2. It follows that 
= and so i^-ipT^; F p ) = 0. 

□ 

Proof of Theorem 1.2: Let |A| = m > k and let A' be an arbitrary subset 
of A of cardinality k. Theorem 1.2 and Eq. (2) imply that H^Xa'^ ^p) = 0. 
Hence by the exact sequence 

= -f/fc-ipCi'^Fp) — > H k ^i(X A>k ;¥ p ) — > 

— > H k ~i(XA,k, XA',k] F p ) — » iffc_ 2 (X J 4/ jfc ; F p ) = 

it follows that 

dimiJ fc „i(X A ,fc;Fp) = dimiy fc _i(X Afe , X^ )fc ; F p ) 



/fc-l(XA,fc) - fk-l(XA>,k) = (-£ - 1) K _ j 



□ 



5 Uncertainty Numbers and Homology 

Proof of Theorem 1.3: Let charF = £ and consider two cases: 

(i) I \ p. For A = (Ai,...,A ro ) G F m let / A : F p -»■ F be given by 
/a = E7=i AAi- Then SU PP(/) C A and for (3 = (b u ...,b k )e¥ k p 



m , 

M p \ = (^A^)ti = (h(-bij) ■ 



(12) 
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Theorem 1.1 implies that Hk_i(X^k',¥) 7^ iff rankMg < m for some 
(3 = (bi, . . . ,bk) G Bk- On the other hand, (12) implies that rankM/j < m 
iff there exists a ^ A G F m such fx(-bi) = for 1 < i < k. It follows 
that Hk_i(Xj\,k'i F) 7^ iff there exists a nonzero / : ¥ p — > F such that 
supp(/) C A and |supp(/)| < p — k. 

(ii) I = p. Let F be a field of characteristic p. By Theorem 1.2 

p - max{k : fT fc _i(XA,fc; F) ^ 0} = p - m + 1. 

It thus suffices to show that uw(A) = p — m + l. Let / : F p — > F be a function 
with ^ supp(/) C A = {<2i, . . . , a m } and let g(x) = Ya=i f{ a i) x<Xi e F H- 
Then 

rank!) =p - deg gcd(g(x),x p - 1) 

= P - deg gcd(g(x), (x - l) p ) =p- fi(g) 

where /j,(g) is the multiplicity of 1 as a root of g(x). By a result of Frenkel 
(Lemma 2 in [3]), fi(g) < m — 1 and hence uj(A) > p — m+l. For the other 
direction note that the space of polynomials 

V = {g(x) G ¥[x] : deg g < p — 1 , fi(g) > m — 1} 

satisfies dimpP = p — m + 1. Hence V contains a nonzero g of the form 

9{x) = YZi X i x<li - lt follows b y (13) that + f = Er=i A ^ : Fp — > F 
satisfies rankX) < p — m + 1. Therefore u^A) < p — m + 1. 

□ 



6 Concluding Remarks 

We mention two problems related to the results of this paper. 

• Let X be a (k — 1) -dimensional complex X with iV = fk-i{X) facets. It 
was observed by G. Kalai, S. Weinberger and the author that the tor- 

1— N 

sion subgroup H k _ 2 {X)tor satisfies \H k _ 2 (X) tor \ < yk . Kalai on the 

I N 

other hand showed [4] that there exist X's with \Hk~2{X) tor .\ > y k/e . 
Computer experiments indicate that the Q-acyclic sum complexes ob- 
tained by taking \A\ — k often have large torsion. For example, A = 
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{0,1,19} C F 83 satisfies |#ipd j3 )| > 1.17* where N = f 2 (X A>3 ) = 
( 8 2 2 ). Note that the base of the exponent 1.17 is slightly bigger than 
the constant \/S/e = 1.05 in Kalai's lower bound. It view of this it 
would be interesting to determine (or estimate) the maximum torsion 
of sum complexes. 

• Theorem 1.3 characterizes the uncertainty number ur(A) with A C 
K = F p and F algebraically closed, in terms of the homology of X A ,k 
over F. It would be useful to find appropriate extensions of this char- 
acterization to general finite groups K and arbitrary fields F. 
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